We prove that for every Banach space which can be embedded in c 0 (Γ ) (for instance, reflexive spaces or more generally spaces with M-basis) there exists an equivalent renorming which enjoys the (weak) Fixed Point Property for non-expansive mappings. As a consequence, we solve a longtime open question in Metric Fixed Point Theory: Every reflexive Banach can be renormed to satisfy the Fixed Point Property. Furthermore, this norm can be chosen arbitrarily closed to the original norm.
Introduction

A mapping T defined from a metric space (M, d) into (M, d) is said to be non-expansive if d(T x, T y) d(x, y)
for every x, y ∈ M. It is well known that the Contractive Mapping Principle cannot be extended to the case of nonexpansive mappings. However, in 1965, F. Browder [4] proved that every non-expansive mapping T defined from a closed convex bounded subset C of a uniformly convex Banach space X into C has a fixed point. From then on, many authors extended Browder's result to different classes of Banach spaces (see, for instance, [18] for references). It is usually said that a Banach space X satisfies the Fixed Point Property for non-expansive mappings (FPP) if for every convex closed bounded subset C of X, every non-expansive mapping T : C → C has a fixed point. The space is said to satisfy the weak Fixed Point Property (w-FPP) if the same is true for every weakly compact convex set C. In the last 40 years, many authors have obtained a large number of geometric conditions which imply the FPP and the w-FPP, but many interesting problems remain open. For instance, it is unknown if every reflexive Banach space satisfies the FPP. On the other hand, the FPP and w-FPP are not preserved under renorming. Indeed, D.E. Alspach [1] has shown that L 1 ([0, 1]) does not satisfy the w-FPP, but this space can be renormed in such a way that the new norm has normal structure [6, 26, 27] and so the w-FPP [16] . Furthermore, it is well known that 1 fails to have the FPP. However, P.K. Lin [20] has recently proved that 1 can be renormed to satisfy the FPP. Since no characterization is E-mail address: tomasd@us.es. 1 The author is partially supported by DGES, Grant MTM2006-13997-C02-01 and Junta de Andalucía, Grant FQM-127. known for the FPP and w-FPP, we can consider these properties as intrinsic geometric properties of a Banach space. The renorming theory for Banach spaces focused on the existence of an equivalent norm which satisfies some given geometric properties (see, for instance, [5, 9, 12] for results and references). In this setting, an interesting open problem is to determine if any Banach space can be renormed to satisfy either the FPP or the w-FPP. In particular, a longtime open question (see [17, Question VI]) was to determine if every reflexive Banach space can be renormed to satisfy the FPP. In the separable case, renorming results are easier. In the case of the w-FPP, if X is separable, a positive answer can be deduced from a result by V. Zizler [27] , because he proved that every separable space can be renormed with a norm which is uniformly convex in every direction (UCED), and this geometric property implies normal structure and the w-FPP [3, 13] (see also [26] for a direct proof of the existence of an equivalent norm with normal structure in the separable case). When X is nonseparable, such a renorming can be impossible. For instance, M.M. Day et al. [6] proved that c 0 (Γ ) has no equivalent UCED norm if Γ is uncountable. S.L. Troyanski and D. Kutzarova [19] have shown a reflexive Banach space which does not admit any UCED renorming. However, in the nonseparable case, some interesting results about renormings have been obtained. When X is weakly compactly generated (WCG), it is possible to endow the space with an equivalent norm satisfying several geometric properties. For instance, D. Amir and J. Lindenstrauss [2] constructed an equivalent strictly convex norm and S.L. Troyanski [24] an equivalent norm which is local uniformly convex. These results are based upon the existence of a continuous embedding of the space into c 0 (Γ ) (with additional properties in the case of [24] ). We recall that c 0 (Γ ) has the w-FPP, which is easy to deduce from the corresponding result for c 0 [21] and the separability of minimal sets. When the space can be continuously embedded in c 0 (Γ ) we prove that it can be renormed in such a way that the new norm satisfies the w-FPP. A simple modification of our main theorem shows that the new norm can be chosen arbitrarily close to the original norm.
The class of Banach spaces which can be embedded in c 0 (Γ ) is quite wide (see [9] for details). For instance subspaces of Banach spaces with a Markushevich basis as WCG spaces, Vasák spaces [25] (and so separable and reflexive spaces), dual of separable spaces, etc. Thus, our result solves Question VI above mentioned.
Main result
Assume that C is a weakly compact convex subset of X and T : C → C is a non-expansive mapping. By using Zorn's lemma it is easy to prove that there exists a convex closed subset K of X which is T -invariant and minimal for these conditions. This set must be separable, because if we choose C 0 = {x 0 } where x 0 ∈ K, define inductively C n to be the closed convex hull of T (C n−1 ) ∪ C n−1 and C is the closure of ∞ n=0 C n , then C is a weakly compact convex T -invariant and separable subset of K (see [13, pp. 35-36] for details). If K is not a singleton (i.e. a fixed point), then by multiplication we can assume that diam(K) = 1. Furthermore, we can easily construct a sequence {x n } in K formed by approximated fixed points, i.e. lim n (T x n − x n ) = 0, and, by using weak compactness and a translation, we can assume that the sequence is weakly null. The following result shows the "bizarre" behaviour of such a sequence: [11, 15] ). Let K be a weakly compact convex subset of a Banach space X, and T : K → K a non-expansive mapping. Assume that K is minimal under these conditions and {x n } is an approximated fixed point sequence for T . Then,
The following lemma is implicitly contained in the proof of Theorem 1 in [14] , but we will include it for completeness.
Lemma 2. Let K be a weakly compact convex subset of a Banach space X, and T : K → K a non-expansive mapping. Assume that K is minimal under these conditions, diam(K) = 1 and {x n } is an approximated fixed point sequence for T which is weakly null. Then, for every ε > 0 and t ∈ [0, 1], there exists a subsequence of {x n }, denoted again {x n }, and a sequence {z n } in K such that:
Proof. We claim that for every ε > 0 there exists δ(ε) > 0 such that x > 1 − ε if x ∈ K and T x − x < δ(ε). Indeed, otherwise, there exists ε 0 > 0 such that we can find w n ∈ K satisfying T w n −w n < 1/n and w n 1−ε 0 for every n ∈ N. Therefore, the sequence {w n } is an approximated fixed point sequence in K satisfying lim sup n w n 1 − ε 0 which is a contradiction according to Goebel-Karlovitz' lemma because 0 ∈ K.
Let ε > 0 and t ∈ [0, 1]. Choose γ < min{1, δ(ε)} and for any n ∈ N define the contraction S n : K → K by
The Contractive Mapping Principle assures that there exists a (unique) fixed point z n of S n . Since K is a weakly compact set, we can assume, taking a subsequence if necessary, that {z n } satisfies (i). Since z n − T z n < γ < δ(ε) we know that {z n } satisfies (ii). Condition (iii) is easily obtained and (iv) is a consequence of the inequalities
Thus,
Taking limsup as n tends to infinity, we obtain (iv). 2
Theorem 1. Let X be a Banach space such that for some set Γ there exists a one-to-one linear continuous mapping J : X → c 0 (Γ ). Then, there exists an equivalent norm in X such that the new norm satisfies the FPP.
Proof. Assume that · is the original norm in X and consider the equivalent norm defined by
where · 0 is the supremum norm in c 0 (Γ ). We will prove by contradiction that (X, | · |) satisfies the FPP. Otherwise, there exists a weakly compact convex and separable set K ⊂ X, which is not a singleton, and a non-expansive mapping T : K → K such that K is minimal under these conditions. We can assume that diam(K) = 1 and that there exists a weakly null approximated fixed point sequence {x n } for T . In order to simplify the proof and using the separability of K, we assume that lim n |x n − x|, lim n x n − x and lim n J x n − J x 0 do exist for every x ∈ K. Since J is weakweak continuous, the mapping J is a linear homeomorphism between K and J (K), but it is not, in general, invertible as a bounded linear operator. So, it can happen that J (x n ) → 0 for a sequence {x n } which is bounded from below in K. A basic fact in this proof is to show that this situation is not possible if {x n } is a weakly null approximated fixed point sequence for T . To do that, we will prove the following:
Then, for any weakly null approximated fixed point sequence for T in K, we have lim n J x n 0 2a. Once the claim is proved, we can apply Lemma 2 for the sequence {x n }, t = 1 − a and
In this way we obtain a sequence {z n } satisfying (i) to (iv). Denote z = w − lim n z n . Taking a subsequence of {z n } (and also of {x n }) and using the separability of K we can assume that lim n |z n − y|, lim n z n − y and lim n J z n − Jy 0 do exist for every y ∈ K. Since lim n J x n 0 > 2a and lim sup n |x n − z n | a, we have lim n J z n 0 > a. Moreover
Remarks.
(1) Considering in X the norm given by
for λ small enough, the arguments in the proof of the main theorem (with a suitable choice of ε) let us prove that there exists an equivalent norm with the FPP which is as close as wanted (in the sense of the Banach-Mazur distance) to the original norm.
(2) It must be noted that the norm which we have defined in the main theorem is different from the strict convex norm used by D. Amir and J. Lindenstrauss [2] and the locally uniformly convex norm used by S.L. Troyanski [24] for weakly compactly generated spaces. In fact, our norm does not satisfy, in general, these properties. For instance, if X is c 0 and J is the identity, the norm in the main theorem is just the supremum norm which does not satisfy any convexity property (and it does not have normal structure either). Moreover, our result can be applied to obtain equivalent norms with the w-FPP for some Banach spaces, which cannot be renormed to be locally uniformly convex. For instance, ∞ as dual of a separable space is a (complemented) subspace of a Banach space with M-basis, but it cannot be renormed with a locally uniformly convex norm. It is also noteworthy that ∞ cannot be renormed to have the FPP because, as proved in [8] , every renorming of ∞ contains an asymptotically isometric copy of the unit basis of 1 .
(3) There exist some Banach spaces which cannot be embedded in c 0 (Γ ). For instance, ∞ (Γ ), for Γ uncountable or ∞ /c 0 , does not admit an equivalent strictly convex norm [5] which implies, according to the result in [2] , that it cannot be embedded in c 0 (Γ ). Furthermore, all renormings of these spaces contain isometric copies of ∞ [22, 23] . As a consequence, these spaces cannot be renormed to satisfy the w-FPP. On the other hand, there are some spaces which cannot be embedded in c 0 (Γ ) but still have the w-FPP. Indeed, Ciesielski-Pol's C(K) space cannot be embedded in c 0 (Γ ) [10] , but it enjoys the w-FPP because the Cantor derived set K (3) = ∅ (see [7, Corollary 3.2] ). It would be interesting to determine the class of all Banach spaces which can be equipped with an equivalent norm so that the resultant space has the w-FPP.
